Published by Institute of Physics Publishing for SISSA/ISAS Received: September 8, 2003 Revised: November 17, 2003 Accepted: December 19, 2003

Consistent momentum space regularization/renormalization of supersymmetric quantum field theories: the three-loop β-function for the Wess-Zumino model

David Carneiro, Marcos Sampaio and Maria Carolina Nemes

Federal University of Minas Gerais - Physics Department - ICEx P.O. BOX 702, 30.161-970, Belo Horizonte MG - Brazil E-mail: david@fisica.ufmg.br, msampaio@fisica.ufmg.br,

carolina@fisica.ufmg.br

Antonio Paulo Baêta Scarpelli

Faculdades Integradas de Caratinga - Caratinga - MG - Brazil, and Grupo de Física Teórica José Leite Lopes - Petrópolis - RJ - Brazil E-mail: scarp@fisica.ufmg.br

Abstract: We compute the three loop β function of the Wess-Zumino model to motivate implicit regularization (IR) as a consistent and practical momentum-space framework to study supersymmetric quantum field theories. In this framework which works essentially in the physical dimension of the theory we show that ultraviolet are clearly disantangled from infrared divergences. We obtain consistent results which motivate the method as a good choice to study supersymmetry anomalies in quantum field theories.

Keywords: Renormalization Regularization and Renormalons, Renormalization Group, Supersymmetry Phenomenology, Superspaces.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep122003044 /jhep122003044 .pdf

Contents

1. Introduction 1

2. Implicit regularization/renormalization 2

3. Perturbation expansion of the Wess-Zumino model 3

4. One loop contribution 6

5. Two loop contribution 7

6. Three loop contributions 8

7. The β-function 11

8. Conclusions and perspectives 12

A. Finite part of G(p^2) 13

B. Divergent structure of H_6(p^2) 14

1. Introduction

Dimensional regularization (DR) is a remarkable framework which besides preserving gauge invariance is relatively simple from the computational standpoint. For this reason it has become the stantard method in perturbative calculations in quantum field theory. The regularization and renormalization of supersymmetric gauge theories is, however, a more involved problem. Momentum space subtraction schemes such as BPHZ [1] although supersymmetric are not gauge invariant [2]. DR does not mantain the balance between bosonic and fermionic degrees of freedom due to the analytic continuation on the space-time dimension and therefore breaks supersymmetry. Such breaking demands the calculation of compensating supersymmetry restoring counterterms. A practical useful modification of DR is dimensional reduction (DRed) [3, 4] which, however, can lead to inconsistencies in supersymmetric gauge field theories beyond one loop order. As long as such inconsistencies can be tamed and symmetry restoring counterterms can be unambiguously generated by imposing the validity of the Slavnov-Taylor and Ward identities [5] the use of DR and DRed are obviously justified. However it is not always the case that the symmetry of the lagrangian is still a symmetry of the full quantum effective action. Supersymmetry anomalies can in principle be generated and some erroneous claims about their existence have

– 1 – occurred because it is difficult to distinguish between a genuine anomaly and an apparent violation of a supersymmetric Ward identity due to the use of an ill-defined regularization scheme [6]. In the case of a genuine anomaly no symmetry restoring (finite) counterterms can be obtained.

A regularization/renormalization framework that: a) does not modify the field theoretical content of the bare lagrangian (and hence does not unnecessarily complicate the Feynman rules); b) works in the physical dimension of the model; c) preserves gauge invariance and d) is friendly from the calculational viewpoint, is therefore desirable to tackle the issues that we discussed above. In this sense two relatively new frameworks deserve special attention: Differential and Implicit regularization/renormatization (DfR and IR, respectively).

DfR is a coordinate space method that defines the correlation functions without introducing a regulator or counterterms [7]–[17]. A well defined prescription that (in a minimal sense) extends product of distributions into a distribution automatically delivers renormalized finite amplitudes. The latter contains an arbitrary mass scale which must be introduced by dimensional reasons and plays the role of a renormalization group scale. Gauge invariance may be sistematicaly implemented in a constrained version of DfR, at least to one loop order. Finally contact with momentum space is made by means of Fourier transforms.

On the other hand IR is a momentum space scheme where scattering amplitudes with fixed external momenta are constructed in the first place. In section 2 we briefly outline this method.

The purpose of this paper is to motivate IR as a sound, symmetry preserving and practical framework to study dimension specific theories, among which chiral, topological and supersymmetric gauge theories are of prime interest. We have shown in [19]–[22] how gauge invariance is preserved within IR. Here we use the massless Wess-Zumino model as a testing ground for the consistency of IR in preserving supersymmetry. We present the Feynman diagram calculation of this model in sections 4, 5 and 6. As a nontrivial check we compute in section 7 the β-function to three loop order and verify the agreement with other consistent methods. As a by-product we show how infrared and ultraviolet divergences are clearly disantangled (in opposite to dimensional methods). This is important in the study of certain supersymmetry anomalies. We also define what is meant by a minimal subtraction within IR and compare with DR and DfR. Finally, in section 8, we address some theoretical and phenomenological problems where IR could be useful.

2. Implicit regularization/renormalization

The main idea behind IR is to isolate the divergences from an amplitude as irreducible loop integrals (ILI) which do not depend upon the external momenta by judiciously using the identity: 1 [(k + k_i)^2 − m^2] = N∑ j=0 (−1)^j (k^2_i + 2k_i · k)^j (k^2 − m^2)^{j+1}[(k + k_i)^2 − m^2]^j

. (2.1)

– 2 –

In the equation above, k_i are the external momenta and N is chosen so that the last term is finite under integration over k. For instance take the logarithmically divergent integral in four dimensions Γ(p^2) = ∫ d^4k (2π)^4 1 (k^2 − m^2)[(k + p)^2 − m^2]

. (2.2)

We use (2.1) with N = 1 to write

Γ(p^2) = ∫ d^4k (2π)^4 1 (k^2 − m^2)^2 − ∫ d^4k (2π)^4 p^2 + 2p · k (k^2 − m^2)^2[(k + p)^2 − m^2]

. (2.3)

Note that the second term on the rhs of the equation above is finite whereas the first is an ILI, namely, I_{log}(m^2) ≡ ∫ d^4k (2π)^4 1 (k^2 − m^2)^2

, (2.4)

which characterizes the ultraviolet behaviour of the amplitude and need not to be explicitly evaluated. They can be fully absorbed in the definition of the renormalization constants. In order to define a mass independent scheme (or in the case of massless theories) we use the identity (4.6) which we introduce in section 4. Such identity introduces naturally an arbitrary scale which plays the role of renormalization group scale. Infinities of higher order are equally displayed as ILI such as I_{quad}(m^2), I_{lin}(m^2) etc., for quadratic and linearly divergent integrals, respectively. Local arbitrary counterterms can show up in IR as (finite) differences between divergent integrals of the same superficial degree of divergence which can sistematically be cast into a set of “consistency relations” according to the spacetime dimension. Such relations can be differences between logarithmically, linearly or even quadratically divergent loop integrals whose value may be fixed on physical grounds [20]. At the one loop level they are related to momentum routing invariance in the loop of a Feynman diagram. A constrained version of IR corresponds to setting such consistency relations to vanish. In this way, abelian and nonabelian gauge invariance can be shown to automatically implemented. Ultimately, in a more general context, such local arbitrary counterterms parametrized by the consistency relations should be left arbitrary till the end of the calculation when the symmetry content of the underlying model may fix its value. We address the reader to ref. [18]–[24] for details and applications of IR.

Overlapping divergences which are the chief complication in any renormalization scheme can also be handled in a schematic way within IR. This was illustrated to n-loop order [25] in the context of ϕ^3 theory in 6 dimensions.

3. Perturbation expansion of the Wess-Zumino model

We closely follow the notation and the conventions of ref. [26]. The Wess-Zumino (WZ) model superspace action reads S = ∫ d^4x {∫ d^2θd^2θ̄ϕ̄_0ϕ_0 − g_0 3! ( ∫ d^2θϕ^3_0 − ∫ d^2θ̄ϕ̄^3_0 )} , (3.1)

where (x^a, θ^α, θ̄^{α̇}), a = 1, 2, 3, 4, α = +−, α̇ = ˙+, ˙− are coordinates of d = 4, N = 1 superspace and ϕ (ϕ̄) is a chiral (antichiral) superfield.

– 3 –

The lagrangian can be written in terms of component fields

ϕ_0 = exp ( iθ^αθ̄^{β̇} σ^a_{αβ̇} ∂_a ) ( 1 √ 2 (A + iB) + θ^αψ_α + 1 √ 2 (F − iG)θ^2 ) , (3.2)

which after eliminating the auxiliary fields F , G, will have the form L = − 1 2 (∂_μA)^2 − 1 2 (∂_μB)^2 − 1 2 ψ̄γ · ∂ψ − − 1 16 g^2_0 (A^2 + B^2)^2 + g_0 2 √ 2 ψ̄(A + iγ_5B)ψ . (3.3)

The WZ model involves only one renormalization constant since only propagator-type diagrams can diverge. To see that, one may employ the superfield power counting rules described in [27] to conclude that the three-point function is finite. Defining the renormalization constants as

g_0 = Z_gg ϕ_0 = Z^{1/2}_ϕ ϕ , (3.4)

and using that g_0ϕ^3_0 is finite (and hence Z_gZ^{3/2}_ϕ = 1) enables us to write

g_0 = Z^{−3/2}_ϕ g . (3.5)

Thus for computing the β-function it is sufficient to calculate Z_ϕ (i.e. the divergent structure of the two-point function). We expand Z_ϕ into a power series in the coupling constant,

Z_ϕ = 1 + ( g 4π )_2

Z_1 + ( g 4π )_4 Z_2 + ( g 4π )_6 Z_3 + · · · (3.6)

and write the part of the effective action which is linear in ϕ and ϕ̄ like

Γ_2(ϕ, ϕ̄) = −i ∫ k,θ,θ̄ ϕ̄(−k, θ, θ̄)ϕ(k, θ, θ̄)Δ^{−1}(k) , (3.7)

where ∫ k and ∫ θ stand for ∫ d^4k/(2π)^4 and ∫ d^2θ, respectively. Following [26] we notice that in the renormalized lagrangian Z_ϕ appears only in the kinetic term ϕ̄_0ϕ_0 = Z_ϕϕ̄ϕ which amounts to introducing a factor of Z^{−1}_ϕ for each propagator in the diagrams. Hence we can write

Δ^{−1}(p) = Z_ϕ + 1 2 ( g 4π )_2

Z^{−2}_ϕ F (p^2) + 1 2 ( g 4π )_4 Z^{−5}_ϕ G(p^2) + + ( g 4π )_6

Z^{−8}_ϕ H(p^2) + · · · , (3.8)

in which^1_2 g^2/(4π)^2F (p^2) represents the contribution of the one loop diagram (figure 1), 1 2 g^4/(4π)^4G(p^2) represents the two loop contribution (figure 2),^1_2 being a symmetry factor, and g/(4π)^6H(p^2) refers to the three loop diagrams (figures 3 to 6). Now we take equation

– 4 –

Figure 1: F (p^2). Figure 2: G(p^2).

Figure 3: H_3(p^2). Figure 4: H_4(p^2).

Figure 5: H_5(p^2). Figure 6: H_6(p^2).

(3.6) in equation (3.8) and reorganize the power expansion to write

Γ_2(ϕ, ϕ̄) = −i ∫ p,θ,θ̄ ϕ̄(−p, θ, θ̄)ϕ(p, θ, θ̄) × × { Z_ϕ + 1 2 ( g 4π )_2 F (p^2) + ( g 4π )_4 [1 2 G(p^2) − Z_1F (p^2) ] + (3.9) + ( g 4π )_6 [ H(p^2) − 5 2 Z_1G(p^2) − ( Z_2 − 3 2 Z^2_1 ) F (p^2) ] + O ( ( g 4π )_8 )} .

The Feynman rules for the Wess-Zumino model are well-known (please see [26, 28]) so we shall not derive them here. The physical interpretation of equation (3.9) is straightforward. It defines the renormalization constants Z_i’s at each loop order after the infinities corresponding to subgraphs of previous orders are duly subtracted. Diagrammatically it amounts to substituting the divergent subdiagrams of a diagram with their finite part order by order, as we shall see in the next sections. We shall perform such substitution after subtracting the divergences in a minimal sense within our approach, namely by subtracting irreducible loop integrals.

– 5 –

4. One loop contribution

The one loop contribution to the propagator correction is represented by the diagram depicted in figure 1. Application of the Feynman rules to this diagram yields [26, 27]:

Γ^{(1)}_2 = (−i)^2g^2 ∫ p d^4θ ϕ̄(−p, θ)ϕ(p, θ) ∫ k 1 k^2(p + k)^2

. (4.1)

From the equation above and (3.9) we identify

F (p^2) = −i(4π)^2 ∫ k 1 (k^2 − μ^2)[(p + k)^2 − μ^2]

(4.2)

in which we have introduced an infrared cutoff μ. Following our approach, an irreducible loop integral can be separated from the amplitude above with the help of equation (2.1) to give

F (p^2) = −i(4π)^2 (∫ k 1 (k^2 − μ^2)^2 − ∫ k p^2 + 2p · k (k^2 − μ^2)^2[(p + k)^2 − μ^2] ) (4.3) ≡ −i(4π)^2 ( I_{log}(μ^2) − b

∫_1 0 dz ln ( p^2z(z − 1) μ^2 + 1 )) , (4.4)

where, henceforth we define b ≡ i (4π)^2

(4.5)

and I_{log}(μ^2) is given by equation (2.4). Since the limit where μ → 0 is infrared ill-defined in I_{log}(μ^2), the correct ultraviolet behaviour is obtained by exchanging the latter against I_{log}(λ^2) provided λ^2 ≠ 0 by means of the identity

I_{log}(μ^2) = I_{log}(λ^2) + b ln ( λ^2 μ^2 ) . (4.6)

Hence (4.6) splits the ultraviolet and infrared divergences and as a byproduct it parametrizes the arbitrariness in separating the divergent from the finite part. That is because the infrared divergent piece in the right hand side of (4.6) cancels out against another piece coming from the (ultraviolet) finite part of the amplitude which may be easily integrated to give F (p^2) = −i(4π)^2 ( I_{log}(λ^2) + b ln ( −λ^2e^2

p^2 )) . (4.7)

Consequently λ is the natural candidate for a renormalization scale from which we may construct a Callan-Symanzik renormalization group equation. A minimal subtraction within our approach amounts to defining, with the help of (3.9),

Z_1 = i 2 (4π)^2I_{log}(λ^2) , λ^2 ≠ 0 , (4.8)

i.e., we have subtracted only the irreducible loop integral. For future reference, we define the finite part of F (p^2) as

F_{fin} = −i(4π)^2b ln ( −λ^2e^2

p^2 ) , (4.9)

where λ plays the role of an arbitrary local counterterm. Moreover F_{fin} satisfies a Callan- Symanzik renormalization group equation with scale λ [22].

– 6 –

For a massive theory a minimal mass independent scheme is defined in a similar fashion. In [22] we have compared our minimal subtraction scheme with the MS scheme in dimensional renormalization as well as in differential renormalization. The arbitrary scales appearing in each framework are related to each other as we shall discuss in section 7 (see also [29]).

5. Two loop contribution

The propagator receives just one two-loop contribution (figure 2) because the only propagator is the one from ϕ to ϕ̄ (there is no ϕϕ or ϕ̄ϕ̄ propagators). The corresponding amplitude can be constructed by direct application of the Feynman rules. After some straightforward algebra it can be reduced to

Γ^{(2)}_2 = (−i)^3g^4 ∫ p d^4θ ϕ̄(−p, θ)ϕ(p, θ)(−1) ∫ q,k 1 k^2q^2(k + q)^2(p + q)^2

, (5.1)

which enables us to identify

G(p^2) = (4π)^4 ∫ q 1 q^2(p + q)^2 ∫ k 1 k^2(k + q)^2

. (5.2)

Let us have a closer look at the O(g^4) term in equation (3.9) viz., ( g 4π )_4 [ Z_2 + 1 2 G(p^2) − Z_1F (p^2) ] , (5.3)

which graphically corresponds to figure 2. Perturbative renormalization is inductive in the definition of the counterterms. Thus in defining Z_2 we firstly ought to subtract the subdivergence through Z_1 which was defined in the previous order as prescribed in (5.3). We can explicitly evaluate 1/2 G(p^2) − Z_1F (p^2) using (4.7), (4.8) and (5.2) to conclude that such operation amounts to substituting the subintegration over k in (5.2) with F_{fin}(p^2) divided by −i(4π)^2 to define:

~G(p^2) = b(4π)^4 ∫ q 1 q^2(p + q)^2 ln ( −λ^2e^2

q^2 )

= 1 2 G(p^2) − Z_1F (p^2) . (5.4)

Hereforth the tilde means that we have subtracted all the subdivergencies. The graphical interpretation of such procedure is clear.

We proceed to define the renormalization constant Z_2. Introducing an infrared cutoff in (5.4) enables us to write

~G(p^2) = b(4π)^4 ∫ q 1 (q^2 − μ^2)[(p + q)^2 − μ^2] ln ( −λ^2e^2 q^2 − μ^2 ) . (5.5)

The irreducible loop integral can be separated just as we did at the one loop level as follows

~G(p^2) = b(4π)^4 ∫ q 1 (q^2 − μ^2)^2 ln ( −λ^2e^2 q^2 − μ^2 ) − −b(4π)^4 ∫ q p^2 + 2p · q (q^2 − μ^2)^2[(p + q)^2 − μ^2] ln ( −λ^2e^2 q^2 − μ^2 ) . (5.6)

– 7 –

Notice that the second term on the right hand side is finite whilst the first term is an ILI, namely ∫ q 1 (q^2 − μ^2)^2 ln ( −λ^2e^2 q^2 − μ^2 ) ≡ I^{(2)}_{log} (μ^2) . (5.7)

Again, a bona fide renormalization constant should be infrared finite. Thus we subtract I^{(2)}_{log} (λ^2) with λ ≠ 0 by parametrizing the infrared divergence by means of the identity

I^{(2)}_{log} (μ^2) = I^{(2)}_{log} (λ^2) + b [ 1 2 ln^2 ( μ^2 λ^2e^2 ) − 2 ] . (5.8)

Relation (5.8) is the two loop analog of (4.6) . Now taking (5.8) and (5.7) into (5.6) permits us to subtract the divergence by defining the renormalization constant of order g^4 as

Z_2 = − i 2 (4π)^2I^{(2)}_{log} (λ^2) . (5.9)

In the next section we shall evaluate the three-loop contributions to the propagator and define the corresponding counterterms. Thus it is convenient to simplify the finite part of the two loop contribution as there will be two loop subgraphs at three-loop order. We show in appendix A that

G_{fin}(p^2) = ~G_{fin}(p^2) = − 1 2 ln^2 ( −λ^2e^2

p^2 ) − ln ( −λ2e2 p^2 ) . (5.10)

It is worthwhile mentioning that G_{fin}(p^2) is infrared safe as it should, since the limit where μ → 0 is well defined through a cancellation of terms in equations (5.6) and (5.8) .

6. Three loop contributions

The diagrams depicted in figures 3 to 6 represent the three loop order contributions to the propagator. Feynman rules can be directly applied to give [26] :

Γ^{(3)}_2 = (−i)^4g^6 ∫ p d^4θϕ̄(−p, θ)ϕ(p, θ) −i (4π)^6 ( H_3(p^2) + H_4(p^2) + H_5(p^2) + H_6(p^2) ) , (6.1)

H_3 . . . H_6 being the result of integrating over the δ functions of the superspace coordinates and eliminating the covariant derivatives. The factor −i/(4π)^6 appears so that the H_i’s here agree with the definition expressed in equation (3.9). In the latter H stands for H_3 + · · · + H_6.

Take the first three loop diagram (figure 3). It contributes to (6.1) with

H_3 = i(4π)^6 8 ∫ q 1 q^2(p + q)^2 ∫ k 1 k^2(k + p + q)^2 ∫ l 1 l^2(q + l)^2

. (6.2)

Note that it contains two one-loop subdiagrams. According to what we discussed earlier we can substitute the integral over l with F_{fin}(q^2)/[−i(4π)^2] (equation (4.9)) at once. As for the integral over k , it can be cast with the help of (2.1) as

i(4π)^6 8 [∫ q 1 q^2(p + q)^2 (∫ k 1 k^2(k + q)^2 − p^2 + 2p · (k + q) k^2(k + q)^2(p + k + q)^2 ) b ln ( −λ^2e^2

q^2 )] . (6.3)

– 8 –

This is useful because doing so we have contributed to free the ultraviolet divergent piece from external momentum dependence. Note that only the first piece of equation (6.3), namely i(4π)^6 8 ∫ q 1 q^2(p + q)^2 ∫ k 1 k^2(k + q)^2 b ln ( −λ^2e^2

q^2 ) (6.4)

is ultraviolet divergent. Thus we may promptly substitute the integral over k (which represents a one-loop subdiagram with external momentum q) in (6.4) with F_{fin}(q^2)/[−i(4π)^2] to define:

~H_3(p^2) = i(4π)^6 8 ∫ q 1 q^2(p + q)^2 [ b ln ( −λ^2e^2 q^2 )]_2 . (6.5)

To define the irreducible loop integral which will contribute to Z_3 we introduce an infrared cutoff μ and remove the external momentum dependence in ~H_3(p^2) in a similar fashion to equations (5.5)–(5.6). That is to say

~H_3(p^2) = i(4π)^6 8 ∫ q 1 (q^2 − μ^2)^2 b^2 ln^2 ( −λ^2e^2 q^2 − μ^2 ) + +F_3(p^2, μ^2) = − i(4π)^2 8 I^{(3)}_{log} (μ^2) + F_3(p^2, μ^2) , (6.6)

in which we defined another logarithmically divergent ILI,

I^{(3)}_{log} (μ^2) ≡ ∫ q 1 (q^2 − μ^2)^2 ln^2 ( −λ^2e^2 q^2 − μ^2 ) , (6.7)

whereas F_3(p^2, μ^2) stands for an ultraviolet finite piece. This diagram will contribute to Z_3 with an infrared finite term

Z^{(3)}_3 = i(4π)^2 8 I^{(3)}_{log} (λ^2) , (6.8)

λ ≠ 0 since one can easily verify that

I^{(3)}_{log} (μ^2) = I^{(3)}_{log} (λ^2) − b [ 8 3 + 1 3 ln^3 ( μ^2 λ^2e^2 )] . (6.9)

In analogy with our calculations at the one and two loop orders, the infrared divergent piece in equation above is expected to cancel the infrared divergence in F_3(p^2, μ^2) to render a well defined finite part. This is indeed the case as one can prove after some straightforward algebra. Therefore we may write

~H_3(p^2) = −i(4π)^2 8 I^{(3)}_{log} (λ^2) + G_3(p^2, λ^2) . (6.10)

The second three-loop contribution is represented by figure 4 from which one gets

H_4 = i(4π)^6 2 ∫ q 1 q^2(p + q)^2 ∫ l 1 l^2(q + l)^2 ∫ k 1 k^2(k + l)^2

. (6.11)

One can see from this graph that it contains as a subdiagram the two loop graph shown in figure 2 which is represented by the integrals over l and k in the amplitude above, q playing the role of external momentum. The procedure is identical as we did for H_3 so we

– 9 – shall only summarize the steps. We replace the integrals over l and k by G_{fin}(q^2)/(4π)^4 (equation (5.10)) and introduce an infrared cutoff, μ. Next we expand the propagator which contains the external momentum p in the usual fashion so to define an irreducible loop integral which is p-independent. We obtain

~H_4(p^2) = −i(4π)^6 2(4π)^4 ∫ q 1 (q^2 − μ^2)^2 [ 1 2 ln^2 ( −λ^2e^2 q^2 − μ^2 ) + ln ( −λ^2e^2 q^2 − μ^2 )] + F_4(p^2, μ^2) , (6.12)

F_4 being an ultraviolet finite term. Using (5.7), (5.8), (6.7) and (6.9) allows us to write

~H_4(p^2) = −i(4π)^2 2 ( 1 2 I^{(3)}_{log} (λ^2) + I^{(2)}_{log} (λ^2) ) + G_4(p^2, λ^2) , (6.13)

where G_4(p^2, λ^2), λ^2 ≠ 0, is now both ultraviolet and infrared finite . Finally this diagram contributes to Z_3 with

Z^{(4)}_3 = i(4π)^2 2 ( 1 2 I^{(3)}_{log} (λ^2) + I^{(2)}_{log} (λ^2) ) . (6.14)

The diagram displayed in figure 5 is easy to evaluate. It also contains two one-loop subdiagrams just as the diagram in figure 3. Therefore we expect that it shall contribute to Z_3 with a term proportional to I^{(3)}_{log} (λ^2) as well. For the sake of completeness we write its contribution to (6.1):

H_5 = i(4π)^6 4 ∫ q 1 q^2(p + q)^2 ∫ l 1 l^2(q + l)^2 ∫ k 1 k^2(k + q)^2

. (6.15)

Notice that the integrals over l and k in the equation above represent the one loop subdiagrams. We proceed in a similar fashion as we did for the diagram in figure 3 to obtain

~H_5(p^2) = −i(4π)^2 4 I^{(3)}_{log} (λ^2) + G_5(p^2, λ^2) , (6.16)

where the notation is now obvious. Hence, the renormalization constant Z_3 should contain the following contribution, Z^{(5)}_3 = i(4π)^2 4 I^{(3)}_{log} (λ^2) , (6.17)

in order to cancel the divergence that stemmed from this diagram.

Finally we study the diagram in figure 6. In opposite to the previous three loop diagrams, it contains no subdiagrams at all. Its contribution can be cast as [26]:

H_6 = i(4π)^6 4 ∫ l,q,k 1 q^2k^2(p − l)^2(l − q)^2(l − k)^2(q − k)^2

. (6.18)

An irreducible loop integral can be displayed after expanding the propagator that contains p in H_6 according to (2.1) to obtain

H_6 = i(4π)^6 4 ∫ l,q,k 1 q^2k^2l^2(l − q)^2(l − k)^2(q − k)^2

+ F_6(p^2) ≡ H^∞_6 + F_6(p^2) , (6.19)

– 10 –

F_6(p^2) being a ultraviolet finite piece as usual. We show in appendix B that

H_6 = − 3 2 i(4π)^6ζ(3)I_{log}(λ^2) + G_6(p^2, λ^2) , (6.20)

where ζ(x) stands for the Riemann zeta-function. Therefore we define the last contribution to Z_3, Z^{(6)}_3 = 3 2 i(4π)^6ζ(3)I_{log}(λ^2) , (6.21)

to finally write Z_3 = Z^{(3)}_3 + · · · + Z^{(6)}_3 . (6.22)

7. The β-function

In [22] we have compared implicit, dimensional, differential and BPHZ renormalization and shown, within these intrinsically distinct frameworks, how renormalizations schemes and scales are related. It goes as follows. Minimally subtracting the infinities in dimensional regularization (i.e. removing only the poles) delivers a finite (non-counterterm) term which depends upon the renormalization scale μ. It results that such term is the same that appears should we employ differential renormalization, except for a simple rescaling of its typical arbitrary scale M^2 (that is to say, a finite counterterm). The latter is the scale of a Callan-Symanzik renormalization group equation satisfied by the vertex function [8]. A minimal renormalization scheme within implicit regularization corresponds to subtracting the irreducible loop integrals in a mass independent fashion through relations like (4.6), (5.8) and (6.9) where an arbitrary mass scale λ is introduced. It turns out that the resulting finite part can be identified with the one from differential renormalization (Fourier transformed to momentum space) after a simple rescaling of λ. The difference is that in our framework we do have counterterms from which we may calculate the renormalization group functions. Moreover our renormalized amplitude also satisfies a Callan-Symanzik renormalization group equation governed by the arbitrary scale λ.

An important non-trivial test of our framework is to calculate the β-function of the WZ model which is well known to four loop order [37, 38]. We start with equation (3.5). Because g_0 cannot depend upon our arbitrary scale λ we are led to β = 3g 2 λ ∂Z_ϕ ∂λ ≡ 3g 2 Ż_ϕ , (7.1)

where the dot stands for the logarithmic derivative, i.e. Ȧ ≡ λ(∂/∂λ)A. Now we revoke (3.6) to write a coupling constant expansion for the β function, viz. β 6π = Ż_1 ( g 4π )_3

+ (Ż_2 + 2Z_1Ż_1) ( g 4π )_5 + + ( Ż_3 + 5Ż_1Z_2 + 2Z_1Ż_2 + 4Ż_1Z^2_1 ) ( g 4π )_7 + + · · · . (7.2)

– 11 –

Using our results displayed in equations (4.8), (5.9) and (6.22) and that

İ_{log}(λ^2) = −2b , İ^{(2)}_{log} (λ^2) = 2I_{log}(λ^2) − 2b and

İ^{(3)}_{log} (λ^2) = 4I^{(2)}_{log} (λ^2) − 4b , (7.3)

we get β = g [ 3 2 ( g 4π )_2 − 3 2 ( g 4π )_4 + ( 21 4 + 9 2 ζ(3) ) ( g 4π )_6] . (7.4)

Some comments are in order. Whilst the one and two-loop coefficients of the β function are scheme-independent as opposed to the three loop coefficient, the coefficient of ζ(3) should be universal. That is because the diagram from which such coefficient stems is primitive.

Our results for the β-function agree with the calculation performed in [37, 38]. In contrast, the coefficient we obtain for ζ(3) is different from the one obtained in the original calculation in DR [26]. It is also different from the result obtained in [30] which extends [26] to four loop order. In fact the coefficient of ζ(3) obtained in [30] agrees with the calculation in DfR [31]. We believe that the result displayed by us as well as in [37] and [38] is correct because in [38] their exact result is consistent with neither β nor γ receiving corrections beyond one loop in the N = 2 case. We attribute the difference between our results and those displayed in [26, 30] and [31] to an overall (symmetry) factor associated to the diagram that represents H_6 which should be 1/4. Except for this our results agree with the calculation in DfR. In particular we see that our three loop scheme-dependent coefficient corresponds to a momentum space subtraction (MOM) in which a subtraction is performed at p^2 = λ^2 ≠ 0 [26]. This comparison clearly shows the connection between IR, DfR and DR in what concerns the definition of the renormalization scheme. This is interesting because the modus operandi of such schemes are quite distinct.

8. Conclusions and perspectives

If on one hand at the near future experiments at the LHC or at a linear e^+e^− collider will test decisively supersymmetric extensions of the standard model, on the other hand the theoretical machinery which exploits such predictions must have a thorough control upon the regularization and renormalization of supersymmetric Yang-Mills theories.

Since complete regularization framework which is both gauge and supersymmetric invariant has yet not been constructed, it is reasonable to exploit a framework which is gauge invariant and works in the physical dimension of the theory. This work is a fundamental step in this direction which should help to address important issues such as:

1. gauge field theories with soft supersymmetry-breaking terms: for instance QCD with soft breaking which has a particular phenomenological interest. In [32] models with soft-breaking terms have been studied in the Wess-Zumino gauge. However there appears new parameters which have no clear interpretation as being either susy or soft breaking terms (see however [5]). IR should be a useful tool to renormalize softly

– 12 – broken susy gauge theories avoiding some complications used in dimensional methods such as the introduction of Slavnov-Taylor identities as constraint equations in order to ensure both gauge invariance and supersymmetry [33].

2. the anomaly puzzle: the axial and energy momentum trace anomalies seem to lead to the conclusion that the β function of supersymmetric gauge field theories should be exhausted by the first loop correction [34]. Whilst this appear to be the case in models with N = 2 supersymmetry, the case N = 1 is less clear [35] particularly when one uses dimensional regularization methods. In DfR [36], which like IR does not resort to analytic continuation on the space time dimension, the infrared origin of the two loop coefficient of the β-function of N = 1 SYM has been discussed (see also [39]). IR, which operates in momentum space and on the physical dimension of the theory, clearly isolates infrared and ultraviolet divergences by means of distinct scales. Thus we expect that IR can shed some light on the infrared effects and scheme dependence of the higher order corrections (if any) to the β-function of N = 1 supersymmetric gauge theories as well as establish a correspondence with other frameworks such as the canonical wilsonian coupling flow [40].

A. Finite part of G(p^2)

We can easily obtain the finite part of G(p^2) in a simple form using Rosner’s technique of expanding propagators in Chebyshev’s polynomials [?].

In Euclidean space (5.4) reads:

~G_E(p^2) = −(4π)^2 ∫ q_E 1 q^2(p + q)^2 ln ( λ^2e^2 q^2 ) . (A.1)

Because ~G_E (p^2) is a function of p^2 only we may average over the directions of p in four dimensions. Let C_m be the Chebyshev’s polynomial of order m. It satisfies a four dimensional version of its orthogonality relation, viz. ∫ dΩ_p 2π^2 C_n ( p · q pq ) C_m ( p · q pq ) = δ_{mn} , (A.2)

with C_0 = 1. Following [?] we write 1 (p + q)^2 = 1 pq ∑ n ⟨p|q⟩^{n+1}C_n ( p · q pq ) , (A.3)

where ⟨p|q⟩ = p q if p < q q p if p > q . (A.4)

Using (A.3) and (A.2) in (A.1) yields

~G_E(p^2) = −(4π)^2 ∫ q_E 1 q^3p ⟨q|p⟩ ln ( λ^2e^2 q^2 ) , (A.5)

– 13 –

∫ q_E ≡ 1/(2π) 4 ∫ dΩ_q ∫ q^3 dq. After integrating over the angles we get

~G_E (p^2) = − ln ( λ^2e^2 p^2 ) − 1 − ∫_∞ p^2 1 x ln ( λ^2e^2 x ) dx . (A.6)

Take the last term in the equation above. That integral contains the ultraviolet divergent piece from which we define the renormalization constant Z_2. Moreover as we discussed earlier it should be infrared safe. To see that explicitly let us split the integral from p^2 to ∞ in three pieces: from p^2 to λ^2 ≠ 0 plus from λ^2 to μ^2 (infrared cutoff) plus a remaining contribution from μ^2 to ∞. The latter can be easily shown to be related to (5.7), ∫_∞ μ^2 1 x ln ( λ^2e^2 x ) dx = 1 b I^{(2)}_{log} (μ^2) + 1 , (A.7)

whereas the two other pieces added together yield 1/2{ln^2[p^2/(λ^2e^2)] − ln^2[μ^2/(λ^2e^2)]} . Note that such contribution diverges as μ → 0. However this behaviour is tamed if we correctly define a genuine ultraviolet divergent object by exchanging μ against λ ≠ 0 with the help of equation (5.8). Putting all the results together we arrive at

~G_E(p^2) = − ln ( λ2e2 p^2 ) − 1 2 ln^2 (λ2e2 p^2 ) − I^{(2)}_{log} (λ^2) b , (A.8)

from which we may finally define the finite part of the two loop amplitude which in turn satisfies a Callan-Symanzik renormalization group equation with renormalization scale λ. In Minkowski space it reads:

~G_{fin}(p^2) = − ln ( −λ^2e^2 p^2 ) − 1 2 ln^2 ( −λ^2e^2 p^2 ) . (A.9)

B. Divergent structure of H_6(p^2)

The graph displayed in figure 6 contains no subdiagrams. The irreducible loop integral that represents the ultraviolet divergent content of this graph can be displayed by studying H^∞_6 in equation (6.19) . It will be convenient to express the corresponding counterterm as one of the basic divergent integrals which have appeared so far, namely I_{log}(λ^2), I^{(2)}_{log} (λ^2), I^{(3)}_{log} (λ^2), etc. Because this diagram is primitive and ultraviolet logarithmically divergent, Z^6_3 is expected to be proportional do I_{log}(λ^2). We use the same technique of appendix A in order to extract such ultraviolet behaviour. Moreover, it will become clear why the coefficient of ζ(3) in (6.21), which will appear in the three loop contribution to the β function, is universal (save a coupling constant redefinition involving ζ(3)) despite the β-function being scheme dependent at the three loop level.

We temporarily work in Euclidean space where H^∞_6 reads

H^∞_{6E} =

(4π)^6 2 ∫ l,q,k 1 q^2k^2l^2(l − q)^2(l − k)^2(q − k)^2

. (B.1)

– 14 –

Equations (A.2) and (A.3) enable us to write

H^∞_{6E} = 2(4π)^2 ∫ l 1 l^4

Y (B.2)

where Y = ∫ dΩ_q 2π^2 ∫ dΩ_k 2π^2 1 q k ∑ m,n,p ⟨l|q⟩^{n+1}⟨l|k⟩^{m+1}⟨q|k⟩^{p+1}C_n(l, q) C_m(l, k) C_p(q, k) . (B.3) Thus the identity ∫ dΩ_k 2π^2 C_n ( l · k lk ) C_m ( q · k qk ) = δ_{mn} n + 1 C_n ( l · q lq ) , (B.4)

applied to (B.3) yields, after straightforward algebra, Y = 3 2 ∞∑ n=0 1 (n + 1)^3 = 3 2 ζ(3) . (B.5)

Therefore, in Minkowki space, after introducing an infrared cutoff μ and making use of equation (4.6) we obtain

H^∞_6 = −3i(4π)^2ζ(3)I_{log}(λ^2) + 3ζ(3) ln ( λ^2 μ^2 ) , (B.6)

where lim_{μ→0}[3ζ(3) ln(λ^2/μ^2) + F_6(p^2, μ^2)] = G_6(p^2, λ^2) is well-defined.

Acknowledgments

The authors wish to thank Prof. Victor Rivelles for enlightening discussions and the referee for calling us the attention for references [37] and [38]. M.C.N. thanks S. Gobira for useful discussions during early stages of this work. Finally we acknowledge CNPq-Brazil for the financial support.

References

[1] N.N. Bogolyubov, D.V. Shirkov, Introduction to the theory of the quantised fields, Wiley, 1980;

K. Hepp, Proof of the Bogolyubov-Parasiuk theorem on renormalization, Commun. Math. Phys. 2 (1966) 301;

W. Zimmermann, Lectures on elementary particles and quantum field theory, S. Deser, M. Grisaru and M. Pendleton eds., Brandeis 1970;

J.H. Lowenstein, BPHZ renormalisation, Proceedings of NATO Advanced Study Institute, G. Velo and A.S. Wightman ed., Erice 1975.

[2] J.H. Lowenstein and B. Schroer, Gauge invariance and ward identities in a massive vector meson model, Phys. Rev. D 6 (1972) 1553;

O. Piguet and K. Sibold, Gauge independence in N = 1 supersymmetric Yang-Mills theories, Nucl. Phys. B 248 (1984) 301.

– 15 –

[3] W. Siegel, Supersymmetric dimensional regularization via dimensional reduction, Phys. Lett.

B 84 (1979) 193; Inconsistency of supersymmetric dimensional regularization, Phys. Lett. B 94 (1980) 37.

[4] D.M. Capper, D.R.T. Jones and P. van Nieuwenhuizen, Regularization by dimensional reduction of supersymmetric and nonsupersymmetric gauge theories, Nucl. Phys. B 167 (1980) 479.

[5] W. Hollik and D. Stockinger, Regularization and supersymmetry-restoring counterterms in supersymmetric QCD, Eur. Phys. J. C 20 (2001) 105 [hep-ph/0103009].

[6] See for instance: I. Jack and D.T.R. Jones in Perspectives in supersymmetry, G. Kane ed., World Scientific, and references therein.

[7] D.Z. Freedman, K. Johnson and J.I. Latorre, Differential regularization and renormalization:

a new method of calculation in quantum field theory, Nucl. Phys. B 371 (1992) 353.

[8] P.E. Haagensen and J.I. Latorre, A comprehensive coordinate space renormalization of quantum electrodynamics to two loop order, Ann. Phys. (NY) 221 (1993) 77.

[9] M. Chaichian, W.F. Chen and H.C. Lee, Differential regularization of Chern-Simons-Maxwell spinor and scalar electrodynamics, Phys. Lett. B 409 (1997) 325 [hep-th/9703219].

[10] W.F. Chen, H.C. Lee and Z.Y. Zhu, Differential regularization of topologically massive Yang-Mills theory and Chern-Simons theory, Phys. Rev. D 55 (1997) 3664 [hep-th/9605121].

[11] D.Z. Freedman, G. Grignani, K. Johnson and N. Rius, Conformal symmetry and differential regularization of the three gluon vertex, Ann. Phys. (NY) 218 (1992) 75 [hep-th/9204004].

[12] F. del Águila, A. Culatti, R. Muñoz Tapia and M. Pérez-Victoria, Techniques for one-loop calculations in constrained differential renormalization, Nucl. Phys. B 537 (1999) 561 [hep-ph/9806451]; Supergravity corrections to (g − 2)_l in differential renormalization, Nucl. Phys. B 504 (1997) 532 [hep-ph/9702342]; Quantum effects in the minimal supersymmetric standard model, pp. 361–373 hep-th/9711474.

[13] M. Pérez-Victoria, Constrained differential renormalization of Yang-Mills theories, Phys.

Lett. B 442 (1998) 315 [hep-th/9808071].

[14] F. del Águila and M. Pérez-Victoria, Differential renormalization of gauge theories, Acta Phys. Polon. B29 (1998) 2857 [hep-ph/9808315].

[15] P.E. Haagensen and J.I. Latorre, Differential renormalization of massive quantum field theories, Phys. Lett. B 283 (1992) 293 [hep-ph/9203207]; Constraining differential renormalization in abelian gauge theories, Phys. Lett. B 419 (1998) 263 [hep-th/9709067].

[16] F. del Aguila and M. Perez-Victoria, Constrained differential renormalization and dimensional reduction, hep-ph/9901291.

[17] T. Hahn and M. Pérez-Victoria, Automatized one loop calculations in four-dimensions and D dimensions, Comput. Phys. Commun. 118 (1999) 153 [hep-ph/9807565].

[18] O.A. Battistel, PhD thesis, Federal University of Minas Gerais, Brazil 2000.

[19] O.A. Battistel, A.L. Mota and M.C. Nemes, Consistency conditions for 4D regularizations, Mod. Phys. Lett. A 13 (1998) 1597

[20] A.P. Baêta Scarpelli, M. Sampaio and M.C. Nemes, Consistency relations for an implicit n-dimensional regularization scheme, Phys. Rev. D 63 (2001) 046004 [hep-th/0010285].

– 16 –

[21] A.P. Baêta Scarpelli, M. Sampaio, B. Hiller and M.C. Nemes, Chiral anomaly in a γ_5 friendly momentum space regularization framework, Phys. Rev. D 64 (2001) 046013 [hep-th/0102108].

[22] M. Sampaio, A.P. Baêta Scarpelli, B. Hiller, A. Brizola, M.C. Nemes, S. Gobira, Comparing implicit, differential, dimensional and BPHZ renormalization, Phys. Rev. D 65 (2002) 125023 [hep-th/0203261].

[23] A. Brizola, O.A. Battistel, M. Sampaio and M.C. Nemes, Implicit regularization technique:

calculation of the two loop ϕ^4 theory β-function, Mod. Phys. Lett. A 14 (1999) 1509 [hep-th/9811157].

[24] O.A. Battistel and M.C. Nemes, Consistency in regularizations of the gauged NJL model at one loop level, Phys. Rev. D 59 (1999) 055010 [hep-th/9811154].

[25] S.R. Gobira and M.C. Nemes, Perturbative n-loop renormalization by an implicit regularization technique, to appear in Int. J. of Mod. Phys. (2003).

[26] L.F. Abbott and M.T. Grisaru, The three loop β-function for the Wess-Zumino model, Nucl.

Phys. B 169 (1980) 415.

[27] M.T. Grisaru, W. Siegel and M. Roček, Improved methods for supergraphs, Nucl. Phys. B 159 (1979) 429.

[28] Prem P. Srivastava, Supersymmetry, superfields and supergravity, an introduction, Graduate Studies Series in Physics 1986.

[29] G.V. Dunne and N. Rius, A comment on the relationship between differential and dimensional renormalization, Phys. Lett. B 293 (1992) 367 [hep-th/9206038].

[30] A. Sen and M.K. Sundaresan, The four loop β-function for the Wess-Zumino model, Phys.

Lett. B 101 (1981) 61.

[31] P.E. Haagensen, Differential renormalization of the Wess-Zumino model, Mod. Phys. Lett. A 7 (1992) 893.

[32] N. Maggiore, O. Piguet and S. Wolf, Algebraic renormalization of N = 1 supersymmetric gauge theories with supersymmetry breaking masses, Nucl. Phys. B 476 (() 1996) [hep-th/9604002].

[33] M. Sampaio, M.C. Nemes, A.P. Baêta Scarpelli , work in progress.

[34] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Supersymmetric extension of the Adler-Bardeen theorem, Phys. Lett. B 157 (1985) 169.

[35] I. Jack, D.R.T. Jones and C.G. North, n = 1 supersymmetry and the three loop anomalous dimension for the chiral superfield, Nucl. Phys. B 473 (1996) 308 [hep-ph/9603386]; L.V. Avdeev, O.V. Tarasov and A.A. Vladimirov, Vanishing of the three loop charge renormalization function in a supersymmetric gauge theory, Phys. Lett. B 96 (1980) 94; M.T. Grisaru, M. Rocek and W. Siegel, Zero three loop β-function in N = 4 super-Yang-Mills theory, Phys. Rev. Lett. 45 (1980) 1063;

W.E. Caswell and D. Zanon, Vanishing three loop β-function in N = 4 supersymmetric Yang-Mills theory, Phys. Lett. B 100 (1981) 152.

[36] J. Mas, M. Pérez-Victoria and C. Seijas, The β-function of N = 1 SYM in differential renormalization, J. High Energy Phys. 03 (2002) 049 [hep-th/0202082].

– 17 –

[37] L.V. Avdeev, S.G. Gorishnii, A.Y. Kamenshchik and S.A. Larin, Four loop β-function in the Wess-Zumino model, Phys. Lett. B 117 (1982) 321.

[38] I. Jack, D.R.T. Jones and C.G. North, N = 1 supersymmetry and the three loop anomalous dimension for the chiral superfield, Nucl. Phys. B 473 (1996) 308 [hep-ph/9603386].

[39] A.A. Soloshenko and K.V. Stepanyantz, Three-loop β-function for N = 1 supersymmetric electrodynamics, regularized by higher derivatives, hep-th/0304083.

[40] N. Arkani-Hamed and H. Murayama, Holomorphy, rescaling anomalies and exact β-functions in supersymmetric gauge theories, J. High Energy Phys. 06 (2000) 030 [hep-th/9707133].

[41] J. Rosner, Higher order contributions to the divergent part of Z_3 in a model quantum electrodynamics, Ann. Phys. (NY) 44 (1976) 11.

– 18 –